Solution of HW7

The forward equation is

{ Plo(t) = =APyo(t) + iPur (1),

r=0,1, t > 0.
Pri(t) = APao(t) — pP (1),

- A
poo—p
their corresponding eigenvectors (1,1)" and (A, —u)* respectively.

The rate matrix D = ( ) The eigenvalue of D are 0 and —(\ + p) with

Write Q = ( } —)\M ) Then

Q7DQ = ( 0 (Ot )

Hence the transition functions are given by

B A (At A A o —(Ap)

A-p A Ap At t>0
- K E_o=(Mtwt A 4 Attt |

AMu Ap Ap At

—Xo Ao 0
D = 1 (A +m) M
0 Ao —Xo

The forward equation is

Poo(t) = =AoFao(t) + pa Paa (1),
PL(t) = MPao(t) — (M 4 p1) Poa(t) + Mo Pra(t),  2=0,1,2, t >0.
Pio(t) = M Par(t) — Ao Paa(t),

Note also that P.(t) + P.1(t) + Pee(t) = 1, putting it into the second equation, we

have
le(t) :)\0—()\0+)\1+M1)Px1(t), 33:0,1,2, tZO

With initial condition Py;(0) = 0, we solve that

Pou(t) = % — A0 —(Ao+Ar+p)t
Ao+ A1+ p Ao+ A+
Put this solution into the first equation, we have
A A
P(;O(t) = _/\OPOO( ) 12 H1i/o e—(>\0+>\1+u1)t‘

Do+ M Ao+ A+
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With the initial condition Py(0) = 1,

— H1 )\1 —Aot )\0:u1 — (Mo A1 +up)t
Poo(t)_)\o+)\1+ﬂl+)\1+ﬂle O +(>\0+A1+H1)()\1+#1)6 e
Finally,
Pog(t> = 1- P()()(t) — P()l(t)
_ )\1 . )\1 6_)\075 )\0)\1 e_()\0+)\1+,u«l)t.
)\0+)\1+M1 )\1+,U1 ()\04—)\1—1-#1)()\1—1‘,&1)

(a) The forward equation is

P.l/‘y(t) _:uyP:cy(t) + :U’y—l—lpx,y-‘rl(t)a Yy S T — ]-a
P:I/:x(t) = — Uz Pz

H (t)’ y=ax

(b) Directly solve the second equation with initial condition P,,(0) = 1,
Pro(t) = 7",
(c) For x =y, it is done in (b). For x <y, P,,(t) = 0. Now only consider the case

x > y. Multiplying the integrating factor e*** on both sides in the first equation,
we obtain

(6uytpxy(t>)/ = Hy-&-leﬂytpwyy—ﬂ(t)‘
Integrating both side, and note that P,,(t) = 0 for all z > y, we have

t
Pt = iyss [ PP (s
0

(d) Put y = x—1 and the solution in (b) into the equation in (c¢), and then integrate
directly,

o —pat _ p—Hz—1t
Px mfl(t> = Hz—1—Hz (6 g e Hemt )7 Maz—1 7é 22
7 —pat o
Mmte ’ He—1 = Hg-

(e) This is proved directly by backward mathmatical induction on y from x to 0.
It clearly holds by (b) when y = z. Assume it hols for y + 1, then for y, by (c),

t
ny(t) = (y + 1)”/ eyu(ts)( X )(eus)y+1(1 - ef,us)asfyflds
0

y+1

t
= (y+ 1)( f_ 1)uey“t/ e (1 — e’“s)x’y’lds
Y 0

-y <y . 1) (e /jw(l —u)" " du
= (y+1) (y : 1) T el

r—y

- (Zj) (eHYY(1 — e Yy,

This completes the induction step.



12 (a) The forward equation is

PL(t) =AMy — 1) Ppy1(t) = (A + p)yPuy(t) + p(y + 1) Pryya(t), y>1.

(b) By the forward equation,

my(t) = D yPh(t) =Y yPL (1)
= > (WY = 1)Peya(t) = O+ )y Pay () + py(y + 1) Prya (1))

= D My +DyPuy(t) =Y A+ my’Pay(t) + Y uly — 1)y Puy(t)
y=0 y=1

y=2

= 3 (A + Dy — A+ wy® + ply — 1)y)) Pay(2)

= > (A= wyPuy(t) = (A — m)m.(t).

y=0

(c) Solving the ODE in (b) under the initial condition

we get

13 (a) By the forward equation,
) = S =3
y=

= Z ()\y (y = D) Pyya(t) = (A + M)y3pwy(t) + Py + 1)Pw,y+1<t>)



(b) Solving the ODE in (a) under the initial condition

Sx(o) = Zy2pxy<0) = Z5my : y2 = $27
y=0 y=0

we get

(c) Under the condition X (0) = z,

2 P (2=t o (A=p)t A
Var X (t) = s.(t) — (ma(t))> =< A — ﬂx(e e ), £ I,

15 (a) Following page 101, X5(¢) has a binomial distribution with parameters = and
e M. For k>0,

[e.e]

P(Xa(t) = k) = ) mo(x) Po(Xa(t) = k)
_ Z B_V;—T ('z) (6—,ut)k:(1 o e—ut)aﬂ—k‘
e S ey
Lt (x — k)!
e e
k!

Hence X,(t) has a Poisson distribution with parameter ve #*.

(b) Since X;(t) and Xs(t) are independent and have Poisson distribution with
parameters %(1 — e ) and ve " respectively, the sum X (¢) = X;(t) + X»(t) has a
Poisson distribution with parameter

i(1 —e M) fre M = A + (1/ — é) e M.
7 7 7

(c) From (b), we know X (¢) has the same distribution as X (0) if and only if

A ( )\> ot A
v=—+4+|v—— et <= v=-—.
M H M



